Abstract-In the literature, researchers have evaluated optimal power loading algorithms under the Zero Mean Circularly Symmetric Complex Gaussian (ZMCSCG) constraint in OFDM based CR systems. The capacity of the Secondary User (SU) is maximized while keeping the interference introduced to the Primary User (PU) band remains within tolerable range. However the drawback of such an approach is that channel capacity increases with increasing Signal to Noise Ratio (SNR), which is not applicable to a practical scenario. Therefore, we propose an optimal power loading scheme under the Finite Symbol Alphabet (FSA) constraint, (i.e., QPSK, 8-PSK, 16-QAM and 64-QAM, etc.) to achieve realistic system performance especially under the high SNR region. Subsequently, Mutual Information (MI) is derived and compared against channel capacity which reveals that in the low SNR region, they are closely related. Conversely, MI saturates in the high SNR region which indicates maximum achievable data rates for practical systems. We further evaluate channel capacity and MI by varying the interference threshold and our observation is that the saturation value of the achievable SU data rate indicated by MI changes accordingly, but total achievable data rate remains constant. On the other hand, capacity increases with increasing interference threshold.
I. INTRODUCTION
Radio spectrum is a scarce resource, the use of which is managed by government bodies such as Ofcom in UK, FCC in USA. Spectrum management involves spectrum assignment to operators in order to provide services on a long term basis over large geographical regions. Todays wireless networks are based on a fixed spectrum assignment policy providing interference-free exclusive use of the spectrum, however this yields inefficient use of the radio spectrum. The UK & USA frequency allocation charts [1], [2] indicate that the spectrum is overcrowded especially below 3 GHz. This is due to intense competition for use of spectrum which means that no more opportunities are left for emerging wireless devices and services. While on the other hand, spectrum occupancy measurements conducted by QinetiQ on behalf of Ofcom in different areas of the UK (e.g., Central London, Heathrow Airport, and Rural Areas) show underutilization of spectrum for significant periods of time [3] . Similarly, according to FCC in New York City & downtown Washington DC, only 13.1% & 35% of spectrum utilization has been reported respectively below 3 GHz [4] . These studies clearly suggest that instead of physical spectrum shortage, scarcity is mainly due to the inflexible spectrum licensing scheme. On the other hand, the access to a spectrum block is also expensive. It can be concluded that spectrum scarcity and efficiency are becoming challenging tasks for regulators as well as for service providers. The major factors include increased developments of bandwidth hungry wireless communication systems and underutilization of fixed allocated spectrum to different wireless services due to inefficient licensing schemes.
To overcome the spectrum underutilization problem, the Dynamic Spectrum Management (DSM) scheme is proposed which is the opportunistic access of the licensed frequency band by the Secondary User (SU) under the condition of acceptable interference to the Primary User (PU) [5] . In 1999, Joseph Mitola III proposed CR systems which enable the designer to adopt the DSM techniques [6] . Although there is no unique definition of CR, however according to FCC document [7] , cognitive radio is: "a radio or system that senses its operational electromagnetic environment and can dynamically and autonomously adjust its radio operating parameters to modify system operation, such as maximize throughput, mitigate interference, facilitate interoperability, access secondary markets".
There are several methods of spectrum sharing in CR system to enhance the spectrum efficiency and maximize the data rate, i.e., Underlay Spectrum Sharing (USS), Overlay Spectrum Sharing (OSS) and Interweave (opportunistic) Spectrum Sharing (ISS) schemes [8] . In the USS scheme, there is no need of sensing and SU can always access the PU spectrum simultaneously under the condition that the interference introduced by the SU is below the acceptable noise floor of the PUs of the spectrum. In this scheme, the data rate is independent of PU activity whereas SU transmit power is low. Therefore, it guarantees low data rate and is suitable for short range applications. On the contrary, sensing is required in ISS scheme and the spectrum is only accessible by the SU once the PU is idle. Therefore, the data rate is dependent on the PU activity. This scheme provides high data rate but without any guarantee compared to the underlay scheme. The OSS scheme also allows simultaneous transmission of primary and secondary users, however, the SU can use part of its power for secondary transmission and the remaining power for primary transmission in order to compensate the PU's SNR degradation. The drawback of the OSS scheme is that it requires a priori knowledge of the PU's transmission and it works well when primary and secondary transmitters are in close proximity.
Orthogonal Frequency Division Multiplexing (OFDM) is widely used in current wireless communication standards and services due to its mitigation of multipath [9] but it is also very suitable for CR systems via use of its sub-carriers for PU and SU operation.
In opportunistic spectrum access where PU and SU co-exist side by side, mutual interference is the limiting factor for performance of both networks. The amount of interference introduced by the SU subcarriers into the PU's band depends on (i) power allocated in that subcarrier (ii) spectral distance between that particular subcarrier and the PU's band. In the literature, different power allocation schemes in OFDM based CR systems have been introduced in order to maximize the SU data rate while keeping the interference introduced to the PU band within limits. However, authors have assumed ZMCSCG constraint to evaluate optimal power allocation algorithms in OFDM based CR systems which maximize the channel capacity of the SU. The derived capacity is always too optimistic for practical systems especially for high SNR and interference threshold values. It remains of interest and of practical importance to evaluate optimal power loading schemes under the FSA constraint, e.g., QPSK, 8-PSK, 16-QAM & 64-QAM. This loading scheme saturates the achievable data rate of the SU at high SNR and values. To address the problem, in this paper we propose an optimal power loading scheme under the FSA constraint using Lagrange formulation in SISO-OFDM based CR systems.
The remainder of the paper is organized as follows. In the next section we review the related work for the allocation of optimal power in OFDM based cognitive radio systems.Section II describes the system model. Sections III & IV present optimal power allocation with FSA and ZMCSCG constraints, respectively. We compare the results under both constraints in Section V. Finally, conclusions are drawn in Section VI.
II. RELATED WORK
In conventional OFDM systems, power allocation depends mainly on the channel gain of the subcarriers. If the channel condition is good, more power is allocated to that subcarrier and vice versa. However, the same power allocation scheme cannot be applied in OFDM based CR systems due to mutual interference. The amount of interference introduced to the PU's band not only depends on the power allocated in that subcarrier, but also on the spectral distance between that particular subcarrier and the PU's band. Therefore, in the interference limited scenario, allocation of power is based on the location of the subcarrier with respect to the PU's spectrum, i.e., more power should be allocated to distant subcarriers and vice versa. Therefore in the OFDM based CR system, a judicious power loading scheme is required which should take into consideration the fading gain of the subcarrier as well as spectral distance between the subcarrier and the PU's band. An optimal and ladder based suboptimal power profile is proposed in [10] , [11] based on the position of the SU with respect to PU.
Another important aspect of power allocation in OFDM based CR networks is the reliability of the subcarriers, i.e., subcarriers that are more frequently available for SU transmission as compared to those which are always busy due to PU activity. Previously, it was assumed that after sensing spectrum holes are available to secondary usage up to a certain time until the SU completes its task. However, in the real time scenario, the PU being the spectrum owner may return at any time and retrieve its spectrum which is currently available for secondary access. Therefore, power allocated by the SU is wasted due to the unaccomplished task by the SU. In view of this fact, more power should be allocated to more reliable subcarriers in order to guarantee the SU's QoS requirements [12] and [13] . In [14] & [15] , optimal power allocation scheme has been analyzed for multiuser scenario where more subcarriers are given to those SUs which not only increase the capacity but also introduce low interference to the PU. For a given subcarrier allocation, optimal power allocation has been proposed to maximize the capacity of the SU. In [16] , authors considered fairness constraint among multiple SUs and proposed algorithms which first ensure fairness that each user has received and then use a greedy approach for power allocation.
In [17] , author has investigated MI of wireless systems under the FSA constraint whereas an expression has been derived for the achievable data rate between the input and the output of the system. In this paper, we propose to analyze an MI based optimal power loading scheme under the FSA constraint for SISO-OFDM based CR system and compare it with channel capacity. Our simulation results reveal that the capacity of the OFDM based CR system is unachievable especially in the high SNR region. This motivates us to analyze MI, resulting in an achievable data rate over the entire SNR region. It also holds true especially in the case of the high SNR region where it achieves a saturation level and remains constant with increasing SNR value in contrast to channel capacity.
III. SYSTEM MODEL
A one-cell wireless system is assumed, where the PU and SU transceivers coexist in the same geographical location as shown in Fig. 1 . The scenario is investigated for one SU in the downlink path. There are three instantaneous fading gains: (i) g ss , between the SU transmitter and SU receiver; (ii) g sp , between the SU transmitter and PU receiver; and (iii) g ps , between PU transmitter and SU receiver. We assume these instantaneous fading gains are perfectly known at the SU transmitter. The SU network has an individual base-station that identifies the spectrum holes on the basis of the information collected about the spectrum; then deactivates the PUs' subcarriers and transmits its users information via the remaining sub-carriers as shown in Fig. 2 .
We consider adjacent co-existence of primary and secondary users in a frequency localised way, i.e., the Discrete Fourier Transform (DFT) outputs are mapped to consecutive subcarriers as shown in Fig. 2 . The OFDM modulation scheme is employed for SUs and the available bandwidth for SU transmission is divided into N subcarriers each having a bandwidth of ∆f . This implies that the bandwidth of the transmitted signal is very small and can be assumed frequency flat. It is assumed that subcarriers are orthogonal to each other, therefore no Inter-Symbol Interference (ISI) occurs. The transmit power is adaptively loaded in each secondary user's subcarrier.
In the OFDM based CR system, the interference limited scenario limits the transmit power and accordingly achievable data rate of the SU. Therefore, we propose to calculate an optimal power under the FSA constraint based on Lagrange formulation. This optimal power will be allocated to each OFDM subcarrier for a given channel fading gain such that the total transmission rate of the SU is maximized while keeping the interference introduced into the PU band within threshold level. The mutual information is given by [17] Ii(si; (y, Hi)) =
s.t X = 1 2 Mc n T (2πeσ 2 N ) n R , B = log 2 (e)n R ln(2πeσ and y ∈ F n T are finite symbols alphabet input and output respectively, where F denotes the symbol alphabet (like QAM or PSK [17] ). In Eq. (1) expectations are taken over variables P i & H i . The total MI is the sum of the MI of N number of available subcarriers is as follows.
Due to adjacent co-existence of PU & SU, there are two types of interference in the system (i) interference introduced from the PU into the SU band (ii) interference introduced from the SU into the PU band. Our objective is to protect the PU from an unacceptable interference, therefore, in this paper we will consider interference introduced by the SU into PU band.
A. Interference introduced by the seconday user's signal
The power density spectrum of the i th subcarrier in the SU user band can be written as [11] 
where P i is the total transmit power emitted by the i th subcarrier in the secondary user's band and T s is the symbol duration. The interference introduced by the i th subcarrier to the PU band is the integration of the power density spectrum of the i th subcarrier across the PU band and can be written as
where B is the bandwidth in Hz occupied by the PU, d i represents the spectral distance between the i th subcarrier of SU and the PU band. J i (d i , P i ) represents the interference introduced by the i th subcarrier of SU into the PU band. The interference Eq. (4) should also take into account channel gain from the SU base station to the PU receiver. We use a normalized channel gain of 1.
IV. OPTIMAL POWER ALLOCATION UNDER THE FSA CONSTRAINT
Our purpose is to analyze an optimal power allocation scheme that maximizes the achievable data rate of the SU provided that the interference introduced into the PUs' bands does not exceed to a certain level. This problem can be dened as an optimization problem as follows
where I i denotes the mutual information, N denotes the total number of available subcarriers and τ th denotes the interference threshold prescribed by the PU. Using Lagrange formulation we can write
where λ is the Lagrange constraint. Differentiating Eq. (8) with respect to P i yields
where K i is given by [10] 
Setting Eq. (10) to zero and after some mathematical manipulations, optimal transmit power in i th subcarrier can be written as
Now the value of λ can be calculated by differentiating Eq. (8) with respect to λ
Ji(di, Pi) − τ th ). (12) Setting Eq. (12) to zero, we can derive λ as
Hence an optimal power can be calculated under the FSA constraint that maximizes the SU achievable data rate while keeping the interference introduced to the PU below the specific threshold.
V. OPTIMAL POWER ALLOCATION UNDER THE ZMCSCG CONSTRAINT
The objective is to maximize the sum capacity by keeping the interference introduced to the PU band below a tolerable range [11] .
The unit for Eq. (14) is rate in bits per channel use, In Eq. (14) expectation is taken over the variables P i & H i . In an adaptive structure, to achieve maximum capacity, power of the transmitted symbol on each subcarrier is optimally allocated. Therefore, we can formulate the following constraint optimization problem.
subject to
where C denotes the SU transmission capacity, N denotes the total number of available subcarriers and τ th denotes the interference threshold prescribed by the PU. The optimization parameter of Eq. (15) is P i . Using Lagrange formulation we can write
where λ is the Lagrange constraint. Differentiating Eq. (18) with respect to P i yields
Setting Eq. (19) to zero and after some mathematical manipulations, optimal transmit power in i th subcarrier can be written as Now the value of λ can be calculated by differentiating Eq.
(18) with respect to λ
Setting Eq. (22) to zero, we can derive λ as
Hence an optimal power can be calculated under the ZMCSCG constraint to maximize the SU capacity while keeping the interference introduced to the PU below the specific threshold.
VI. EVALUATION OF OFDM BASED CR SYSTEM
In this section, we compute optimal power for ZMCSCG and FSA constraints in CR networks and accordingly calculate and compare capacity and MI in both cases. The simulations are performed for a SISO-OFDM based CR network in an opportunistic scheme as given in Fig. 2 . It is assumed that the SU base station has the information about PU active subcarriers and accordingly disables them. Consider that there are 64 subcarriers of which 32 subcarriers are used by the PU and the remaining are used by the SU in frequency localized transmission. The values of T s , B & τ th are 4µs, 1M Hz and 1mW , respectively. We further assume the IEEE 802.11 multipath channel model with RMS delay spread of 50ns. The results are averaged over 1000 MATLAB simulations.
In Fig. 3 , we plot achievable data rate indicated by MI (bits per channel use) and channel capacity for an un-coded CR system versus E b N0 . From this figure we observe that the achievable data rate indicated by MI (Eq. 1) closely follow the channel capacity (Eq. 14) under low SNR region, oppositely MI saturates in the high SNR region. The reason for this saturation is that in the high SNR region, the achievable data Fig. 3 clearly indicates that the channel capacity as derived in Section V is unrealistic for the practical systems. On the other hand analysis of MI calculated in Section IV provides a realistic prediction of achievable data rate in real systems as shown in Table 1 .
In the opportunistic scheme, the achievable data rate of the SU is dependent on the available bandwidth and interference threshold level of the PU. In Fig. 4 , we vary interference threshold from 1mW to 10mW for 32 available subcarriers. The capacity changes from 11 to 12 bits per channel use, however, MI remains unchanged except that it achieves a saturation value earlier for the 1mW case, i.e., 15dB instead of 20dB for QPSK as shown in Table 1 . So we can conclude that, varying the interference threshold value only affects the saturation value but the maximum achievable data rate remains the same for FSA constraint. Table 1 presents the overall summary of obtained results.
VII. CONCLUSION
In this paper, we have evaluated an optimal power loading schemes under both FSA and ZMCSCG constraints for SISO-OFDM based CR networks. Results have revealed that the derived power loading scheme under ZMCSCG constraint maximizes the capacity by keeping the interference introduced to the PU band within a given limit. The capacity increases with increasing SNR and cannot be achieved in practical systems. On the contrary, the proposed power loading scheme under the FSA constraint results in a saturated MI at high SNR value and provides a realistic prediction of achievable data rate in real systems, e.g., saturation values for QPSK, 8-PSK, 16-QAM & 64-QAM are 20dB, 25dB, 30dB & 35dB and maximum achievable data rate is 2, 3, 4 & 6 bits per channel use respectively. We have further investigated channel capacity and MI by varying the interference threshold i.e., from 1mW to 10mW and observed that the saturation value of MI changes accordingly e.g., 15dB instead of 20dB for QPSK but total achievable data rate remains the same. On the other hand, the capacity increases with increasing interference threshold i.e., 11 to 12 bits per channel use. In future work we will evaluate optimal power allocation algorithm under the FSA constraint in MIMO-OFDM based CR system.
